
6.2. Arithmetic sequence

Sequences generated a linear functions

Let us consider the linear function f(x) = 2 + 3x. It generates the
sequence

a1 = f(1) = 5, a2 = f(2) = 8, a3 = f(3) = 11, a4 = f(4) = 14, . . . .

In the obtained sequence two consecutive terms differ by the constant 3. We
have

a2 − a1 = 8 − 5 = 3

a3 − a2 = 11 − 8 = 3

a4 − a3 = 14 − 11 = 3

and so on. Let us point out that this common difference equals the slope of
the given linear function and the first term is the sum of the y-intercept and
the slope.

6.2.1. DEFINITION. Let a0 and d be numbers. The sequence defined by

an = a0 + nd

is called an arithmetic sequence.

6.2.2. EXAMPLE. The sequence of natural numbers 1, 2, 3, . . . is an arith-
metic sequence. Just use a0 = 0 and d = 1 in the Definition 6.2.1.

6.2.3. EXAMPLE. In the sequence 6, 11, 16, . . . the difference between
any two consecutive terms is 5. Is the sequence arithmetic? According to the
Definition 6.2.1 we need to find a linear which which generates the sequence.
We already know the slope which is the same as the common difference 5.
What is the y-intercept a0? We have a1 = a0 + d. So a0 = a1 − d. In this
case a0 = a1 − d = 6 − 5 = 1. Thus the generating function for the given
sequence is f(x) = 1 + 5x.

The last example can be generalized and we obtain the following equiva-
lent description of arithmetic sequences.

6.2.4. REMARK. If an is a sequence in which the difference of any two
consecutive terms is constantly equal to a number d then an is an arithmetic
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sequence generated by the function f(x) = (a1 − d) + dx. The number d is
called the common difference.

6.2.5. EXAMPLE. Let us consider the sequence −10,−1, 8, 17, . . .. We
have

a2 − a1 = −1 − (−10) = 9

a3 − a2 = 8 − (−1) = 9

a4 − a3 = 17 − 8 = 9

and so on. Thus the common difference is d = 9.

6.2.6. EXAMPLE. Assume that we know only that the first term a se-
quence is 2 and the common difference is −5. Can we described the sequence.
First let us find the first couple of terms.

a1 = 2

a2 = 2 + (−5) = −3

a3 = −3 + (−5) = −8

a4 = −8 + (−5) = −13

a5 = −13 + (−5) = −18.

In general, we have

an = (a1 − d) + dn = (2 − (−5)) + (−5)n = 7 − 5n.

General term formula for arithmetic sequences

6.2.7. GENERAL TERM FORMULA. If an is an arithmetic sequence
with the first term a1 and the common difference d, then

an = (a1 − d) + dn

which is the same as
an = a1 + (n − 1)d.

6.2.8. EXAMPLE. Find the general term of the arithmetic sequence
−8,−3, 2, 7, . . . . The sequence is arithmetic because

a2 − a1 = −3 − (−8) = 5

2



a3 − a2 = 2 − (−3) = 5

a4 − a3 = 7 − 2 = 5

and so on. Hence the common difference is d = 5. Once d is found, we use
the formula for the general term.

an = a1 + (n − 1)d

Substituting a1 = −8 and d = 5 gives us

an = −8 + (n − 1)5

which is the same as
an = −8 + 5n − 5

and
an = 5n − 13.

6.2.9. EXAMPLE. Let us find the term a3 for the arithmetic sequence
such that a10 = −2 and a15 = −8. To apply the General Term Formula we
need to find the first term a1 and the common difference d. Let us notice
that

a15−a10 = (a15−a14)+(a14−a13)+(a13−a12)+(a12−a11)+(a11−a10) = 5d.

Thus
(−8) − (−2) = 5d.

−6 = 5d

d = −1.2

In order to find a1 we use the General Term Formula for the term a10

a10 = a1 + (10 − 1)d

−2 = a1 + 9 · (−1.2)

a1 = −2 + 10.8 = 8.8.

Now we have enough information to find a3

a3 = a1 + (3 − 1)d

3



a3 = 8.8 + (2) · (−1.2) = 6.6.

Sum of terms formula for arithmetic sequences

6.2.10. SUM FORMULA. If a1, a2, . . . , an−1, an are the first n terms of
an arithmetic sequence, then

a1 + a2 + . . . + an−1 + an =
n(a1 + an)

2
.

If we denote Sn = a1 + a2 + . . . + an−1 + an the above sum formula becomes

Sn =
n(a1 + an)

2
.

6.2.11. EXAMPLE. To find the sum of 11 terms of the arithmetic se-
quence with a1 = 7 and a11 = −23 we the Sum Formula

S11 =
11(a1 + a11)

2
=

11(7 + (−23))

2
= −88.

6.2.12. EXAMPLE. Let us consider the arithmetic sequence −8,−2, 4, 10, . . ..
What is the sum of the first 9 terms of this sequence? From the sequence we
see that the common difference is

a2 − a1 = −2 − (−8) = 6.

In order to apply the Sum Formula we need to find the term a9 first. By the
General Term Formula

a9 = a1 + (9 − 1)d = −8 + 8 · 6 = 40.

Now

S9 =
9(a1 + a9)

2
=

9(−8 + 40)

2
= 144.
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